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ABSTRACT

We discuss standard pairs of generators of cyclic division p-algebras of
degree p, and prove for p = 3 that any two Artin-Schreier elements
are connected by a chain of standard pairs. This result has immediate
applications to the presentations of such algebras.

1. Introduction
Let @ be a quaternion algebra over a field F. It is well known (for example, see

[2, Lemma 6.3]) that if @ = (a,b) = (a’, b') are two presentations of (), then there
is some ¢ € F such that

(a,b) = (a,c) = (d,c) = (d', V).

Recently, a similar result for cyclic division algebras of degree 3 was proved by
M. Rost [6]. If A = (a,b)3 = (a’,b')3 are two presentations of A (where the base
field contains 3-roots of unity), then there exist elements ¢, d, e in the base field
such that

(a,b)3=(a, c)32(d, ¢)3=(d, e)3=(a’, €)3=(a’, b)3.

Chains of this form were also studied, in a more general context, in [4].
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If the degree of a central simple algebra is a power of the characteristic p of the
base field, it is called a p-algebra. Standard generators of cyclic p-algebras of
degree p were studied in the author’s dissertation [8, Chap. 1, Sec. 4]. Theorem
4.16 there is, in a sense, a chain lemma for arbitrary p, but it requires tensoring
by matrices.

In Section 2 we describe the basic properties of standard pairs of generators and
related definitions are given. We define distance between Artin-Schreier elements,
and state the main result, Theorem 2.6, and the applications to presentations of
cyclic p-algebras.

We study short chains of pairs for p = 3 in Section 3, and this is applied in
Section 4 to prove Theorem 2.6. Some large subgraphs of the graph of standard
pairs of generators are given in Section 5.

ACKNOWLEDGEMENT: I am indebted to Prof. J.-P. Tignol for pointing out
references [4] and [6] and for his kind hospitality during my stay at UCL.

2. Standard generators of cyclic p-algebras of degree p

Let F be a field of characteristic p, and A a central simple cyclic algebra of degree
p over F (that is, dimp A = p?). By Wedderburn’s structure theorem, A is either
a division algebra, or the algebra of p x p matrices over F'. The basic structure
theory of p-algebras is given in [1], cf. also [5].
It is known that A can be given the following presentation, where a,b € F,
b+ 0:
A=Flz,y| eP—x=a, =5, yzy '=z+1]

We call such z,y a standard pair of generators. Let
Xa={z€A: zP-z€F, [Flz]:F])=p},
Ya={y€eA: yPeF*, [Fly]:F]=p}
be the possible components of a standard pair of generators. The elements of X 4

are called Artin—Schreier elements of A; every cyclic subfield of A contains
such an element.

Remark 2.1: If z,y € A satisfy yzy~' = £ + 1, then z,y form a standard pair
of generators, that is, A = F[z,y], ¥ — z = a and y? = b for some a,b € F.

Proof: We first show that x,y generate A. Indeed, F|z] is a separable extension
of dimension p over F' (with an automorphism z — z+1 induced by y). Note that
[v%, 2] = y*z ~xy* = iy*. Now suppose fo+ f1y+-+ -+ fp—1y?~ = 0 for f; € Flz].
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Applying the derivation by =, we get 0 = fiy +2foy® + -+ (p — 1) -1y~ "
Repeating this, we get 0 = fiy + 2/ foy? + -+ + (p — 1)7 fp_1y? ! for every
j=1,...,p— 1. Since the Vandermonde matrix of 0,...,p — 1 is invertible, we
get that fiy' = 0; but y is invertible, so that f; = 0. It follows that Y F[z]y* has
dimension p? over F, and is thus equal to A.

Now, from the assumption it readily follows that @ = z? — z and b = y?
commute with z, y and are thus central, so z, y form a standard pair of generators.
|

Now let
XYA = {(:E)y) € Xa X Ya: y.xynl =+ 1}

XY 4 may by viewed as a bipartite graph, where the vertices are the elements
of X4 and Y4, and there is an edge connecting z and y iff (z,y) € XY 4. For
an element to be in X4 or in Y4 depends on the characteristic polynomial, so
we have p — 1 (non-linear) equations for each set. It follows that X4 and Y4 are
(p? — p + 1)-dimensional varieties over F, and XY4 C Xa X Y4 is a (p? + 1)-
dimensional subvariety (as seen from Remark 2.3). In a sense, we study the
geometry of XY 4.

Note that there are no isolated points on the graph:

Remark 2.2:
(i) For every @ € X 4 there is some y € A such that (z,y) € XY 4.
(ii) Likewise for every y € Y4, there is some z € A such that (z,y) € XY 4.

Proof: (i) Tt is easy to see that F[z] is either a subfield of dimension p of A, or
isomorphic to the split ring F*? = F x --- x F. In both cases the automorphism
induced by z — x + 1 is inner (Skolem-Noether theorem, or the generalization
to maximal separable commutative subalgebras in [3]), say induced by y. Then
F[z,y] = A by Remark 2.1.

(ii) This is [1, Theorem IV.17]. |

Two elements z,2" of X4 U Y4 are said to be at distance t/2 if there is
a chain of elements z = zg,21,...,2t = 2 € X4 U Y4 such that, for every
t = 1,...,¢ the couple #_1,2; is a standard pair of generators. We take half
of the usual distance in the graph XY 4, since we are sometimes more interested
in the induced patterns on X4 or Y4. We denote this situation by saying that
Zé—rz16—> - <—>z_1+—7' is a chain, where necessarily elements of X4 and
Y, interchange. We write X4 and Y4 in appropriate places in the chain to
state existence of appropriate elements. For example, elements z, ' € X4 are at
distance 2 iff there is a chain z+—Y A 4¢—X4—Y a1,
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Let (z,y) be a standard pair of generators. The neighborhood of x,y is de-
scribed in the following remark.

Remark 2.3:
(i) The elements forming a standard pair of generators with z are of the form
Ay, where A € Fz]*.
(ii) The elements forming a standard pair of generators with y are of the form
p+ x, where p € Fly].

Proof: (i) ymzyy' =z +1iff y339~ ! € Ca(Flz]) = Flz], and y19~" is invertible
since y,y; are.
(i) yr1y ' =21+ 1iff 21 — x € Ca(Fly]) = Fly)- |

In particular, if x € X4, then x + @ € X4 for every a € F, and likewise for
Yy €Ya, By €Y for every 8 € F*. We have

Remark 2.4: The actions of FT and F* on X4 and Y, respectively, define
equivalence relations. '

In particular, if z,y form a standard pair of generators, ' = z, and ¢ = y,
then z',y’ also form a standard pair of generators.

The next proposition shows that there is essentially only one path connecting
every two elements at distance 1.

PROPOSITION 2.5: Let x,2’ € X4 and v,y € Ya. If (z,y), (z,¥), (2',y) and
(z',y') are all standard pairs of generators, then ' =z ory' = y.

Proof: By Remark 2.3, p = 2/ —z € Fly]N Fly], and A = y'y~! € Flz].
Now ApA~! = g, so that A\ and pu commute. If A is a division ring, then we
are done (as g commutes with y, A, so either ¢ € F or A € F), but for the
general case, write A = > a;z° and p = Y B;4°. Then compute 0 = [u,A] =
3 a;Bi((x+5)" —=z*)y?, and compare the upper monomials with respect to y and
z. We get a contradiction unless A or p are central. 1

The main result of this paper is the following

THEOREM 2.6: Let F be a field of characteristic p = 3, and let A be a (cyclic)
division algebra of degree p over F'.
Then every two elements ¢,z € X 4 are at distance at most 3.

The proof is given in Section 4. This theorem can be reformulated in terms of
presentations of algebras. Recall that for a,b € F, [a,b), denotes the p-algebra

a,b),=Flz,y| z2?—z=a, y?=>b, yry l=z+1)].
P
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COROLLARY 2.7: Suppose [a,b)3=[a’,b')3 are two presentations of the same
division algebra. Then there exist ay,as € F and by, by, b3 € F* such that

[a, b)=[a, b1)=[ay1, b1)=[a1, ba)=[az, ba)=[as, b3)=[a’, bs)=[a’, ).
One remark is in order concerning the split case. If [a,b),=[d’,b), are two
presentations of M,(F), then
[a, b)22]0, b)22[0, b")~[d’, V"),

so for a split algebra Corollary 2.7 holds, in a stronger form and for arbitrary p.

3. Elements at distance 1]

Let A be a cyclic division p-algebra of degree p over F, where from now on we
assume p = char F' = 3.

Fix a standard pair of generators z,y € A, and set v = ° € F. In this section
we classify the elements u € Y 4 which are at distance 1% from z, that is, elements
for which there exists a chain

YT Y 46— X 42U

We denote by Tr the reduced trace map of A, and by tr the trace map of
the extension F[z]/F. The action of y by conjugation on F[z] is denoted by
o, and the notation N(A) is preserved for the norm of elements in F[z]. Since
A= Flz,y) = > Flz]y’, we can write every u € A in the form u = Ag+A1y+Aay?
for unique Ag, A1, A2 € Flz]. Set n = A1 - gAs.

REMARK 3.1: Assuming u ¢ F, we have that u € Y iff Tr(u) = Tr(u?) = 0.
As Tr(Ay) = Tr(Ay?) = 0 for every A € F[z], a simple computation yields the
following conditions, equivalent to u € Y4:
(1) tr()\o) :0,
(2) ytr(n) =tr(Ap).

Under these assumptions, one can compute that u® = N(Ag) + YN(\1) +
72 N(As).
LEMMA 3.2: The element u is at distance 1% from x if and only if the following
equations have a solution with f1, fo € F, A € Flz]*:
(3) YA adg =X X)) + fay oA (M- a2A — %X X)) = — Ao,
(4) fl(O')\g—)\o)'l*fz’Y(O'/\'(Tz/\g —0'2)\‘/\2) ZO,
(5) fid oA =X A1)+ fa- A-aX- (07X — Ao) =Xa.



180 U. VISHNE Isr. J. Math.

Proof: The elements z,u are at distance 1% iff there are some v’ € Y4 and
z' € X4 such that r+—y'+—z'+—u form a chain. By Lemma 2.3, we can
write y' = Ay for some A € F[z], and then 2’ —z € F[Ay]l. Thus ¢’ =z + fo +
fidy + fa(Ay)? for some fo, f1, fo € F, and by Remark 2.4 we may take fo = 0.
The only remaining condition is that uz’ — z'u = u, and comparing coefficients
of y in both sides, we get Equations (3)-(5). 1

Let K = F[z] be a cyclic extension of dimension 3 of F, as before. The
following facts are easily checked.

REMARK 3.3: (i) For every ag, a1,z € F, we have that
trK/F(aO +o1r + asz) = —qQgq.

(ii) For every ¢ € K, if tr/p ¢ = trg p ¢* =0, then ¢ € F.

(i) The map (0 — 1) : K—K defined by (¢ — 1)a = o(a) — a is onto the
subspace {¢ € K:trg;p ¢ = 0}.

(iv) trgyp ¢ =0 iff (o ~1)p € F.

Proof: (i) follows since the minimal polynomial of z is of the form 23—z —6 = 0.
(ii) and (iii) follow trivially from (i), and (iv) follows since for every ¢ € K we
have that (¢ — 1)2¢ = (0® + o + 1)¢. |

PROPOSITION 3.4: Assume u = Ay + A1y + A2y? as before, and \p € F. Then u
is at distance 1% from z if and only if the following holds:

(a) A2 =0, or

by a#£0, 1 #0andn ¢ F, or

(€) A2 #0, 21 #0,n € F, and Ao N(\1) = ny.

These conditions may look a little less random in light of the following obser-
vation: assuming Ag € F, we have that n € F iff Fu] = F[A1y|. If this is the
case, then u? € F + F(\y)? iff Ao N(A1) = 7.

Proof: Case 1: Ay = 0. We must have Ay # 0, for otherwise u = Xy €
F[z] would be separable. If A\g = 0, then by Remark 2.3 (i) we have the chain
y—rr—y«—re— A1y = u. Otherwise, choose f; = 0. Substituting, we find
that Equations (4) and (5) are satisfied, and Equation (3) becomes

foy (02(%) - %) NV = <o,
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which can be solved by choosing A = z7A; and fo = 6Ag/yN(AL), where § =
N(z) € F. This results in the chain

z—y =z \ye—z + /\oy’_1<—>u.

Case 2: Az # 0. If Ay = 0, then equation (5) has no solution. Thus we assume
A1 # 0. In particular, n = Ay - g Ay # 0.

Case 2.1: n ¢ F. Choose fo = 0 and f; = 1. Then Equation (4) vanishes,
and substituting Ay = 0%n/c?A, Equations (3) and (5) become

nA/AL = o> (A /A1) = = Ao/,
M= a (M) =0 (n)/ N(h),
which is solved by
5\ = A2 0%(X2) =7 Ao
a(n) —n '

This satisfies A # 0, for otherwise v N(A2) = Ag7, contrary to the assumption
1 ¢ F. Then we have the following chain: x+—Ay+—z + Ay+—u.

Case 2.2: n € F. We cannot have fa # 0, for then Equation (4) will force
A/A1 € F, and from Equation (5) we then get i = 0, contrary to the assumption
A2 # 0. Thus we have fs = 0, and the equations become

fl<g(k) A):—_Ag::zf@l

M/ M) T NOw)
for which, by Remark 3.3 (iii), there is a solution A iff AgN(A\;) = yn?. In-
deed we can take f; = 1 and A = —Xy0(\;) "'z, and the resulting chain is
T AYy—T + Ay—u |

COROLLARY 3.5: Let z € X4; then x and —x are at distance at least 3.

Proof:  Choose y such that (z,y) € XY4. We show that there is no chain
Y e—Y g —X g —us——x+—y> Every appropriate u is, by Remark
2.3 (i), of the form u = Ay? for some A € F[—z] = F[z], and then the completion
is impossible by the last proposition. |

COROLLARY 3.6: For every y € Y 4, the distance between y and y? is at least 3.
Proof: Otherwise, there is a chain

Y Y 4 X 46—y,
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but since —z’, y? form a standard pair of generators, it follows that the distance
between z’ and —z' is at most 2, contrary to the former corollary. ]

For the rest of the section we no longer assume Ag € F. Let b= g(Ag) — Ag;
then b € F by Equation (1) and Remark 3.3 (iv). Moreover, since tr{)g) = 0, we
have that \g = a + bz for a € F.

PrROPOSITION 3.7: Let x,y form a standard pair of generators and u = Ag +
Ay + Aay? € Y4 where A\g = a+ bz and 1 = Ay - o)y as above. If \g € F and
v(o%n — n) = b)o, then u is at distance 13 from z.

Proof: Set ' =z — b~ Aay? and y' = Aa - 6%)y - y. Then the first two pairs in
the chain

Te—y 1 —u
follow from Remark 2.3. For the third pair, compute that
uz' — 2'u = b~ (o%n — ) + My + Aoy,

which equals u by the assumption. |

Note that the assumption (0% — 1) = bA¢ implies (but is not implied by)
Equation (2).

The following remark is given as a counterpart for Proposition 3.4, and is not
needed later.

REMARK 3.8: Assume u = Ay + A1y + Aay? as before, and Ao ¢ F. Then there
exist homogeneous quadratic forms @, Qg in two variables over F, explicitly
stated in the proof, such that u is at distance 1% from z if and only there are
g, f1 € F such that

Q1(g, fr) =0,

Qi (g, f1) #0.

Proof: Since A\g ¢ F, by Remark 3.3 (ii) we have that tr A3 # 0, so by Equation
(2), n # 0 and thus also A1, Ay # 0. Moreover, Equation (4) has no solution with
f2 =0, so we may assume fo # 0.

We write

g+ fi 02X
6 A=2T/A 7 70
(6) fav - ahe

for ¢ € K. Then Equation (4) is equivalent to ¢ € F, and we assume this is
the case. Recall that by Lemma 3.2 we need to solve Equations (3)-(5) with
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f1,f2 € F and A € K, so this now becomes solving Equations (3) and (5) with
fi,f2,g € F, fo #0. Write A\g = a + bx with a,b € F. Note that from Equation
(2) and Remark 3.3 (i), we get that vtr(n) = tr(\3) = —b2.
Denote by
Qo(s,t) = (070 —n)s® + (6" X - — 0 X - 77n)st
+ (’Yb N()\z) + )\0(0’2)\0 . 0277 — 0’)\0 . n))tz,
Q2(s8,1) = —bs® + (y(on —n) +b-aX)st
+ (7(02)\0 0N — AQ'I}) — b)\() . 0'2)\0)t2
the two quadratic forms in s,¢ over K.
Substituting (6) in Equations (3) and (5), multiplying by fay N(Az) in the first
case and by foy?-aAa - 02X, in the second case, we get the following system of
equations, in the variables g, fy € F, fo € F*:

(7) Qol(g, f1) = — Ao fayN(A2)
(8) Q2(g, f1) =foav* N(X2).

It can be checked that Qj is actually a quadratic form over F. Qg, however, is
not defined over F (the coefficient o2y — n ¢ F, for otherwise we would have
b* = ytrnp = 0 by Remark 3.3 (iv)).

Fortunately we have that tr Qo = 0, so by Remark 3.3 (i), the coefficients of
Qg lie in the two-dimensional F-space F + F)q C K. Write

Qo= Qr+ XQr

for the respective components. Then we can compute Qf = %(O‘(QO) — Q) to
be
Qr(s,t) = —tr(n)/b- 2+ tx(Aog - an)/b- st

—tr(Xg - n-aXg)/b-t2
and so Q7 = Qg — A\gQr 18
Qi (s,t) = (6%n — 1 — bAo/7)s%+(a%Ag - 0% — g Ao - + bAZ /) st
+(BN(A2) = bN(Xo)/7)t2.

It may not be so obvious, but one can check that Qy is indeed defined over F.
Using this decomposition, Equation (7) now becomes

(9) Ql(ga fl) =0,
(10) Qr(g, f1) = — fayN(A2).
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Again this is not immediate, but one can compute that Q, = —vyQy. Thus
solving Equations (7) and (8) is equivalent to solving Equations (9) and (10).
Recall that we only assumed fo # 0, so all we have to do is find a zero of Qj
which is not a zero of Qy, as claimed. [ |

EXAMPLE 3.9: Suppose v(o%n — n) = bAg as in Proposition 3.7. The coefficient
—tr(n)/b = b/y of s in the form Qy(s,t) is nonzero, so if we substitute f; = 0
and g = 1 in Qr, Qr we get Qr(1,0) = o2y — 5 — bro/y = 0 and Qz(1,0) =
—tr(n)/b # 0. By Remark 3.8, u is at distance 1% from z, in accordance with
the above-mentioned proposition.

4. A Proof of Theorem 2.6

Let A be a division p-algebra of degree p = 3. We are given two elements
T,z € X4, and wish to find a chain

T Y 44— XAV a—Xae—Ya¢—z.

Choose (using Remark 2.2 (i)) elements y, » such that z,y and z, u are standard
pairs of generators. For x,y,u we use the notations of the previous section: o
is the action of conjugation by y on Flz], N(A) is preserved for the norm of
elements in F[z], u = Ag + Ay + Aay? for Ao, A1, A2 € Flz], and 7 = A1 - o).
Also b=0Mg — Ao, and A\g = a + bx for a,b € F. Similarly, whenever we specify
an element v/, the same notation is used: u' = Xj + My + Ay, 7 = A} - o)),
and Ay =o' + b'z.

REMARK 4.1: For every a € F we have that u + « is at distance 1% from z.

Proof: Case 1 of Proposition 3.4 (with z, v in place of #,y and u + « in place of
u) gives the chain

u+ ae—z + au Lz lue—s 26— [ |

Proof of Theorem 2.6: Case 1: A € F. Note that tr() = 0 by Equation (2).
If A; = 0, then we have the chain

YT Y 4+ X g U2

by Proposition 3.4. So we assume Az # 0.
Case 1.1: A\; = 0. Then u = Ag + Agy?. Set
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and check that z, v form a standard pair of generators. Compute that

Nz

Y- oA

and set v’ = Zu. Then for v/ we have b/ = 6 (Xgz) — Aoz = Ao, 0’ = XNy — bz =0,
and 7' = A} - oMy = JAj(z + 2?).

Case 1.1.1: )p # 0 (so that Ay ¢ F). Compute that y(o?y —7') = A2 = ¥},

so by Proposition 3.7, ¢’ is at distance 1% from z, and we have the following chain:

Zu = Apx — y — zAy?,

Y Y 46— X a2 ue— 2.

Case 1.1.2: A\g = 0. Then u = Ayy? and thus —z + v, form a standard pair

of generators. Choose o' = (~z+u)u = (Y- 02Xy — (xA2)y?, so that we have

0 =0, A #0, A #£0,and 7/ = A} - 0A, = —yN(Ap)o(z) € F. By Case (b) of
Proposition 3.4, ¢’ is at distance 1% from z, and the resulting chain is

YT AY—T + Aye—u' «—— + Aay?e—day? = uc—z
for A\=—z(z — 1)/v-0)s.
Case 1.2: A; #0. If A2 =0, or A2 # 0 but nn € F', there is a chain
Y62 IY 46— Xp 66— u—2
by Proposition 3.4. So suppose Az # 8, and 7 € F*. Choose

m? ,
= NO9) Ao
then for ' = w4 o we have that Al = A\ #£ 0, Ay =X £ 0, M) = a+ Ap € F,
and 7 = 7. But now we have A, N(X}) = n'%, so from Case (¢) of Proposition
3.4 and Remark 4.1, we get the chain

Y2 AT + Aye—st/ ez + auT 2oz lue o ze—u

where A = —zla3/a ).

Case 2: A\g ¢ F. In view of Remark 4.1, it is enough to show that there is
some o € F such that z,u + « are at distance 1%. Recall that A\g = a + bx
where a,b € F, so by Equation (2) we also have v = ny + max + b%z? for
no,m € F. Choose @ = b —a — 1 /b; then for ' = u + o we have that ' = p,
and v(o?p — n) = ¥*{z + 1) — g = bl + ba = bA,. By Proposition 3.7 we thus
have the chain

T g - 02y - YT — b’1/\2y2+—>u’<-—>z + au‘1z4~—>z“1u<—>z,

and we are done. [ |
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5. The geometry of XY 4

Let A be a division algebra of degree 3 over a field F of characteristic p = 3.
In this section we describe some properties of the graph XY 4 and the graphs
induced on X4 and Y 4, and present some special subgraphs. It seems reasonable
to slightly alter the notation for this purpose.

Recall the equivalence relations defined in Remark 2.4. In this section we let
X4,Ya denote the sets of equivalence classes (rather than the sets of points,
as done previously). Again, XY 4 is the bipartite graph whose vertices are
Xa UYy, with an edge connecting the classes [z],[y] iff z,y are a standard
pair of generators. We view X 4 and Y 4 as subgraphs of XY 4, where two points
z,% € X4 are connected iff there is some y € Y 4 such that (z,y), (z',y) € XY 4,
and similarly for Y4. Thus the distance induced by XY 4 on X4 and Y4 is the
usual distance in graphs.

Theorem 2.6 bounds the diameter of X4 to be < 3, and this bound is shown
to be exact in Corollary 3.5. Applying Remark 2.2, we see that the diameter of
Y 4 is bounded by 4. A lower bound of 3 is given by Corollary 3.6

Fix some y € Y4. The elements x € X4 connected to y are at distance 1 from
one another, so they form a complete subgraph in X 4. The same thing happens
in Y4 around every x € X 4.

Subgraphs of XY 4 are more interesting. Proposition 2.5 shows that X4 and
Y 4 are simple graphs (i.e., there are no multiple paths between neighbors). It
follows that XY 4 does not contain squares. Let x,y be a fixed standard pair of
generators, and let v = y3. Set j =y +y —y? and # = z + zy. Then we get the
following hexagon:

Yy <—>F
T e zy+y

™~

Yy<—>zx+v—-4%

This can be generalized, to the following:

\

Ty +ay

Ty +y+ay

-~ Q> 8
8
+
Q
<
=4

c+y—y

For every o € F, this figure is a triangle in X 4, together with the correspond-
ing triangle in Y4. As « varies, the complex is rotated along the fixed axis
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T—Yy<—x + v — g, with all the heads of the resulting triangles connected to
a single point . In particular, we get infinitely many different chains of length
1% connecting  and §. It also shows a point (z) connected to a star (the points
{Z + ay} around §) but not to its center, and other similar phenomenon.
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